In this study, we performed off-axis transverse loading experiments to study the stress concentration developed in a high-performance yarn with different indenters. A universal testing machine was utilized to perform quasi-static transverse loading experiments on Twaron ® yarns. Seven different round indenters possessing radius of curvature ranging from 0.20 to 4.50 mm were employed in the experiments. In addition, post-mortem failure analysis was performed on the recovered specimens via a scanning electron microscope. From the transverse loading experiments, the results showed that, as the radius of curvature of the indenters increased, the concentrated load decreased, causing the failure surfaces to change from a combination of kink band, snapped-back, and localized shear to only fibrillations. The concentrated stresses were predicted by a strain energy model when loaded by an indenter with a radius of curvature smaller than 1.59 mm. For indenters larger than 1.59 mm, the specimens failed in fibrillation, the concentrated stresses agreed well with the stresses predicted by quasi-static circular curved beam theory.
Introduction
High performance fibers are known for their superior mechanical properties, including a high Young's modulus, a high ultimate tensile strength, a high impact resistance, and a low density. Due to these superior mechanical properties, high performance fibers have become prominent in ballistic protection applications such as turbine fragment containment systems and soft body armors.
The indicator of the ballistic performance for high-performance yarns is the critical velocity [1] [2] [3] [4] [5] . Critical velocity is defined as the projectile's striking velocity that causes instantaneous rupture on the yarn specimen upon impact. A classical theory developed by Smith et al. [6] has been shown to be capable of predicting the critical velocity using only the axial mechanical properties. However, the critical velocity obtained from the experiments revealed a demonstrative reduction compared to the critical velocity obtained from theoretical analysis [3, 4] . Moreover, ballistic experiments performed by Hudspeth et al. [2] revealed that, when a Kevlar ® KM2 yarn was impacted by a razor blade and a 7.62 mm round projectile at the corresponding critical velocities, the failure surfaces of the fibers changed from shear to fibrillation. These results suggest that there is a transition radius of curvature that is causing fibers to fail only in fibrillation. However, the transition radius of curvature was not yet determined.
When impacted by a projectile with a large radius of curvature, the stress concentration developed in the yarn specimen was speculated to be caused by bending of the specimen [7, 8] . For example, when a yarn was impacted by a 7.62 mm round projectile, the high-speed images revealed that the yarn deformed to the contour of the projectile prior to failure [9] . This deformation induced an additional component of axial strain caused by bending in the specimens [7] .
The classical Smith theory assumes that bending is negligible, which may turn out to be the culprit of inaccurate prediction on the critical velocity. Therefore, in this study, to isolate the bending effects without the addition of inertia effects, quasi-static transverse loading experiments were performed on Twaron ® yarns using seven different round indenters to study the stress concentration developed in the yarns. Post-mortem failure analysis was performed on the recovered yarns via a scanning electron microscope (SEM) to correlate the failure mode with the indenter radius and ascertain the critical radius of curvature. Finally, a strain energy model and a quasi-static circular curved beam model were used to predict the concentrated load and to compare with the experimental results.
Materials and Methods
The specimens used in this study were strands of Twaron ® yarns extracted from a plain weave single ply CT 709 Twaron ® in the warp direction. According to Teijin Aramid, this fabric is weaved using Twaron ® 2040 yarn. This type of yarn consists of 1000 filaments with an average diameter of 9 µm. Plain weave fabric consists of warp and weft directions. An optical method was used to determine these directions in which the warp yarns typically exhibit more crimp and have thicker widths compared to weft yarns [10] . The specimens used for both uniaxial tensile and transverse loading experiments were extracted from the warp yarns for consistency.
Uniaxial Tensile Experiments
Uniaxial tension experiments were performed using a servo-hydraulic universal testing system (MTS 810) at a quasi-static strain rate of 0.01/s to determine the constitutive properties of the yarn specimens. Figure 1 shows the experimental apparatus used to perform the uniaxial tensile experiments. The experiments were performed with references to ASTM D7269 [11] and ASTM D2256 [12] . First, the specimen was attached to the bollard grip. To minimize the gage length effect, the gage length of the specimens including the curved region of the bollard grips was chosen to be around 190 mm [13] . Furthermore, to minimize the slippage between the specimen and the gripping platen, carbon tape was attached to the platen assembly. A slack-start procedure from ASTM D7269 [11] was deployed in the experimental procedure to ensure that pre-tension on the specimen was minimal. When the specimen was loaded from the slack condition, the load remained zero initially and increased linearly upon loading. The point where the slope of the load history changed from zero to linear was set at the starting point of the experiments. Ten repeated experiments were performed to obtain the mechanical properties and their levels of scattering. that the yarn deformed to the contour of the projectile prior to failure [9] . This deformation induced an additional component of axial strain caused by bending in the specimens [7] . The classical Smith theory assumes that bending is negligible, which may turn out to be the culprit of inaccurate prediction on the critical velocity. Therefore, in this study, to isolate the bending effects without the addition of inertia effects, quasi-static transverse loading experiments were performed on Twaron ® yarns using seven different round indenters to study the stress concentration developed in the yarns. Post-mortem failure analysis was performed on the recovered yarns via a scanning electron microscope (SEM) to correlate the failure mode with the indenter radius and ascertain the critical radius of curvature. Finally, a strain energy model and a quasi-static circular curved beam model were used to predict the concentrated load and to compare with the experimental results.
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Transverse Loading Experiments
Transverse loading experiments were performed on the Twaron ® yarns to determine the effect of the radius of curvature on the concentrated load developed in the yarns. Figure 2 presents the seven different round indenters used in the current study. 
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Results
The axial tensile stress-strain properties of Twaron ® 2040 yarns were obtained via uniaxial tensile experiments. The stress-strain curves for all 10 experiments are presented in Figure 4 . Prior to rupture, the stress-strain relationship was linear, which was similar to those observed by Cheng et al. for Kevlar ® [14] . The average and standard deviation values for the Young's modulus (E), ultimate tensile strength (σ uts ), and ultimate tensile strain were 92.55 ± 1.66 GPa, 2.47 ± 0.08 GPa, and 2.71 ± 0.08%, respectively.
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Discussion
In this section, we explore the models to predict the stress concentration developed in the yarns when transversely loaded by these indenters. The stress concentration developed in a Twaron ® 2040 yarn when transversely loaded by an indenter possessing a radius of curvature between 0.20 and 1.59 mm was predicted by the strain energy model. However, for an indenter larger than 1.59 mm, the stress concentration was estimated by a curved beam model.
Strain Energy Model
By taking the difference between the specific axial strain energy from the uniaxial tensile experiments (u uts ) and the transverse loading experiments (u ax ), the residual specific strain energy (u res ) was determined for each case using Equation (1) [15] :
where P ax is the average maximum axial load from the transverse loading experiments and A y is the cross-sectional area of a yarn. The strain energy was then calculated by taking the volume integral of the specific strain energy around the arc of the indenter as formulated in Equation (2):
where R is the radius of curvature of the indenter, and 1 2 πR is the arc length of the yarn on top of the indenter that was transversely loaded at 45 • . The average residual strain energy, as a function of radius of curvature of the indenter, is presented in Figure 7 . Furthermore, when transversely loaded by an indenter with a smaller radius of curvature, the load was localized in a concentrated area, leading to a decrease in standard deviation.
Discussion
Strain Energy Model
By taking the difference between the specific axial strain energy from the uniaxial tensile experiments (uuts) and the transverse loading experiments (uax), the residual specific strain energy (ures) was determined for each case using Equation (1) [15]:
where Pax is the average maximum axial load from the transverse loading experiments and Ay is the cross-sectional area of a yarn. The strain energy was then calculated by taking the volume integral of the specific strain energy around the arc of the indenter as formulated in Equation (2):
where R is the radius of curvature of the indenter, and In Figure 7 , it can be seen that the residual strain energy for a small radius of curvature up to 1.59 mm forms a linear curve with a slope of 6.6 × 10 −3 J/mm and a coefficient of determination (R 2 ) of 0.99. These results also indicate that the stress concentration developed in a Twaron ® 2040 yarn loaded transversely by an indenter possessing a radius of curvature between 0.20 and 1.59 mm can In Figure 7 , it can be seen that the residual strain energy for a small radius of curvature up to 1.59 mm forms a linear curve with a slope of 6.6 × 10 −3 J/mm and a coefficient of determination (R 2 ) of 0.99. These results also indicate that the stress concentration developed in a Twaron ® 2040 yarn loaded transversely by an indenter possessing a radius of curvature between 0.20 and 1.59 mm can be predicted using Equations (1) and (2) together with the slope given in Figure 7 . Additionally, Fibers 2018, 6, 69 7 of 10 from Figure 7 , for the cases above 1.59 mm, the experimental data revealed a non-linear behavior. These results suggested that the failure mode may have changed when transversely loaded with a larger indenter. Thus, we used a curved beam model to explore the change in driving force behind the failure mode change.
The Curved Beam Model
Quasi-static circular curved beam model was used to describe the stress concentration developed in the yarns when transversely loaded by a large radius of curvature indenter. Under transverse loading, the yarn was deformed to the contour of the indenter prior to failure. Even though Twaron ® 2040 yarn consists of 1000 fibers, only 3 fibers are shown in Figure 8 for illustration purposes. When the radius of curvature is relatively larger compared to the fiber radius, the centroid axis is almost equivalent to the neutral axis where the engineering strain along each of these axes is zero [16] .
Fibers 2018, 6, x FOR PEER REVIEW 7 of 10 be predicted using Equations (1) and (2) together with the slope given in Figure 7 . Additionally, from Figure 7 , for the cases above 1.59 mm, the experimental data revealed a non-linear behavior. These results suggested that the failure mode may have changed when transversely loaded with a larger indenter. Thus, we used a curved beam model to explore the change in driving force behind the failure mode change.
Quasi-static circular curved beam model was used to describe the stress concentration developed in the yarns when transversely loaded by a large radius of curvature indenter. Under transverse loading, the yarn was deformed to the contour of the indenter prior to failure. Even though Twaron ® 2040 yarn consists of 1000 fibers, only 3 fibers are shown in Figure 8 for illustration purposes. When the radius of curvature is relatively larger compared to the fiber radius, the centroid axis is almost equivalent to the neutral axis where the engineering strain along each of these axes is zero [16] . The maximum bending strains that occur for each fiber at the outer surface are given in Equation where and indicate the bending strain and the radius of fiber, respectively. If the radius of curvature of the indenter is significantly larger than the radius of the fiber (i.e., ≫ ), the bending stress in each fiber along the axial direction may be approximated as the ratio of the radius of fiber to the radius of curvature as given in Equation (4).
According to Equation (4), when the radius of curvature of the indenter increases, the bending stress developed in the specimen decreases. Superimposing this prediction from Equation (4) into Figure 6 , the quasi-static curved beam theory describes the experimental results on the stress concentration very well, especially when the radius of curvature is larger than 1.59 mm. The agreed results between the experiments and the model suggest that, under transverse loading, the stress concentration developed in the yarn is very likely to be caused by the bending stress. However, when the radius of curvature of the indenter was less than 1.59 mm, the theory overestimated the stress concentration developed in the yarn under transverse loading. This deviation could be the results of a failure mode change in the yarn caused by the change in the radius of curvature of the indenter for The maximum bending strains that occur for each fiber at the outer surface are given in Equation (3) [16] :
where ε b and r f indicate the bending strain and the radius of fiber, respectively. If the radius of curvature of the indenter is significantly larger than the radius of the fiber (i.e., ), the bending stress in each fiber along the axial direction may be approximated as the ratio of the radius of fiber to the radius of curvature as given in Equation (4) .
According to Equation (4), when the radius of curvature of the indenter increases, the bending stress developed in the specimen decreases. Superimposing this prediction from Equation (4) into Figure 6 , the quasi-static curved beam theory describes the experimental results on the stress concentration very well, especially when the radius of curvature is larger than 1.59 mm. The agreed results between the experiments and the model suggest that, under transverse loading, the stress concentration developed in the yarn is very likely to be caused by the bending stress. However, when the radius of curvature of the indenter was less than 1.59 mm, the theory overestimated the stress concentration developed in the yarn under transverse loading. This deviation could be the results of a failure mode change in the yarn caused by the change in the radius of curvature of the indenter for which the curved beam model does not account for. We thus examined the failure surfaces of the recovered yarns. 
Failure Surfaces
To understand how these yarns failed under transverse loading condition, an FEI Nova Nano scanning electron microscope (SEM) was used to examine the failure surfaces of the recovered specimens. An ETD detector was used for the SEM imaging. Furthermore, all the images presented were taken with an operating voltage of 5 kV (HV), a spot size of 3, and an average working distance of 5 mm. Figure 9 presents the post-mortem images of the recovered fibers that failed in fibrillation loaded transversely by five of the indenters, excluding two of the largest radius indenters. which the curved beam model does not account for. We thus examined the failure surfaces of the recovered yarns.
To understand how these yarns failed under transverse loading condition, an FEI Nova Nano scanning electron microscope (SEM) was used to examine the failure surfaces of the recovered specimens. An ETD detector was used for the SEM imaging. Furthermore, all the images presented were taken with an operating voltage of 5 kV (HV), a spot size of 3, and an average working distance of 5 mm. Figure 9 presents the post-mortem images of the recovered fibers that failed in fibrillation loaded transversely by five of the indenters, excluding two of the largest radius indenters. When loaded transversely by a 0.20 mm indenter, the fibers failed by axial splitting, causing them to fibrillate, as shown in Figure 9a [17] . At failure, the release of strain energy caused the snapping back behavior of the fibers as shown in Figure 10b [17] . The failure location then became a free end. To remain stress free at that location, a compressive load must be generated and propagated in the fibers, which led to buckling and created kink bands, as shown in Figure 10a [17] . In Figure  10a , it can be seen that the fiber, at one end, bent downward and, at the other, bent upward. This phenomenon suggested that the kink bands were formed after the fiber snapped back-not after it was severely bent. For severe local bending, both ends of the fibers should bend in the same direction, as sketched in Figure 8 . When loaded transversely by a 0.20 mm indenter, the fibers failed by axial splitting, causing them to fibrillate, as shown in Figure 9a [17] . At failure, the release of strain energy caused the snapping back behavior of the fibers as shown in Figure 10b [17] . The failure location then became a free end. To remain stress free at that location, a compressive load must be generated and propagated in the fibers, which led to buckling and created kink bands, as shown in Figure 10a [17] . In Figure 10a , it can be seen that the fiber, at one end, bent downward and, at the other, bent upward. This phenomenon suggested that the kink bands were formed after the fiber snapped back-not after it was severely bent. For severe local bending, both ends of the fibers should bend in the same direction, as sketched in Figure 8 .
A similar failure mechanism was also observed when the yarn was loaded transversely by a 0.40 mm indenter. However, the failure surfaces at the end of some fibers were flattened, suggesting that the localized cutting occurred when the yarn was loaded transversely by such a projectile, as shown in Figure 10c . Such a localized cutting phenomenon was also observed by Hudspeth et al. [1, 2] , Shin et al. [18] , and Maya and Wetzel [19] .
Fibers 2018, 6, 69 9 of 10 free end. To remain stress free at that location, a compressive load must be generated and propagated in the fibers, which led to buckling and created kink bands, as shown in Figure 10a [17] . In Figure  10a , it can be seen that the fiber, at one end, bent downward and, at the other, bent upward. This phenomenon suggested that the kink bands were formed after the fiber snapped back-not after it was severely bent. For severe local bending, both ends of the fibers should bend in the same direction, as sketched in Figure 8 . For the failure mechanism induced by an indenter with radius of curvature of 0.79 mm, the fibers underwent fibrillation (Figure 9c ) and localized shear failure only. Neither the kink band nor snapped-back behaviors was observed. The fibrillated fibers revealed a rectangular shape and flatter surfaces (Figure 9c ) compared to those loaded by the smaller indenters.
For the cases where the indenters had radii of curvature of 1.59 and 2.50 mm, the failure surfaces of the fibers only showed fibrillation, as shown in Figure 9d ,e. This observation was very similar to those observed by Hudspeth et al. [2] under transverse impact by a 7.62 mm round projectile and by Cheng et al. [14] under uniaxial tensile loading. The fibrillated failure region revealed flatter damage for those loaded by 1.59 mm indenters compared to those loaded by 2.50 mm indenters. Unlike the previous indenters, localized cutting, shearing, snapped-back, and kink-band failure modes were not observed when loaded by 1.59 and 2.50 mm indenters. Such a scenario was caused by the lower stress concentration and the strain energy released at failure developed by these two indenters. Figure 6 shows that the concentrated load developed in the yarn could be predicted by the quasi-static circular curved beam theory when the yarn was loaded transversely by indenters with a radius of curvature larger than 1.59 mm. The model assumed the concentrated load in the fibers was caused by the additional stretching of the fibers due to bending. Thus, the failure surface should only reveal fibrillation without other failure mechanisms. Unlike large indenters, when the yarn was loaded with indenters smaller than 1.59 mm, localized shear and kink-band were observed in the recovered fibers. Since a quasi-static circular curved beam did not account for such failures, the experimental data was not in agreement for indenters possessing a radius of curvature smaller than 1.59 mm.
Conclusions
Quasi-static transverse loading experiments on Twaron ® 2040 warp yarns were performed to study the stress concentration developed in the yarns. The results showed that the stress concentration decreased as the radius of curvatures of the indenter increased. Post-mortem failure analysis revealed the failure surfaces changed from combination of fibrillation, snapped-back, kink band, and localized shear to only fibrillation as the radius of curvature increased. For the cases where the radius of curvature of the indenter was smaller than 1.59 mm, the residual strain energy from the strain energy model scale linearly with the radius of curvature of the indenter. Finally, the quasi-static circular curved beam theory was utilized to predict the stress concentration induced by the indenters with a radius of curvature larger than 1.59 mm. 
